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ON SOME DEGENERATE NON-LOCAL PARABOLIC EQUATION 
ASSOCIATED WITH THE FRACTIONAL p-LAPLACIAN 


CIPRIAN G. GAL AND MAHAMADI WARMA 


Abstract. Let Q C be an arbitrary bounded open set. We consider a 
degenerate parabolic equation associated to the fractional p-Laplace opera¬ 
tor (—A)® (p > 2, s € (0,1)) with the Dirichlet boundary condition and a 
monotone perturbation growing like t, q > p and with bad sign at in¬ 

finity as |t| —> oo. We show the existence of locally-defined strong solutions 
to the problem with any initial condition uq G L^{Q) where r > 2 satisfies 
r > N{q — p)/sp. Then, we prove that finite time blow-up is possible for these 
problems in the range of parameters provided for r,p, q and the initial datum 
UQ. 
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CIPRIAN G. GAL AND MAHAMADI WARMA 


1. Introduction 


The article is concerned with the following non-local initial-boundary value prob¬ 
lem for the degenerate parabolic equation 

dtu{x,t) + {-A)pu{x,t) - \u{x,t)\'^~‘^u{x,t) = fix,t) {x,t) e x (0,r) 
u{x,t) = 0 {x,t) € X (0,T) 

u{x, 0 ) = uo{x) X £ 

( 1 . 1 ) 

Here uq £ 2 < p,q,r < oo, T > 0, f is a. given function, (—A)® denotes the 

fractional p-Laplace operator and il is an arbitrary bounded open subset of 
> 1. To introduce the fractional p-Laplace operator, let 0 < s < 1, p G (l,oo) 
and set 


£P-i(RAf) := ^ R measurable 

For u £ X £ and e > 0, we let 

= Cn,p,s f 
J I 


V (1 + 


dx < oo 


I , , , ,,p-2u{x) - u{y) 

{yeK'^.|y-x|>e} \x-y\^+P^ 


where the normalized constant 


2sp ( ps+p+N -2 


Cn,p,s — 


s2^®r 


TT 2 r(i — s) 

and r is the usual Gamma function (see, e.g., [51 |H1 [HI UHl [II] for the linear case 
p = 2, and [11125] for the general case p £ (l,oo)). The fractional p-Laplacian 
(—A)® is defined by the formula 

tp- 2 u{x) - u{y) 


(-Ayu{x) =CN,p,sP-y- f |u(a;) - u{y)\^ 


N - y\^+P^ 


■dy 




dAT 


( 1 . 2 ) 


provided that the limit exists. We notice that if 0 < s < (p — 1) /p and u is smooth 
(i.e., at least bounded and Lipschitz continuous), then the integral in ()1.2I) is in 
fact not really singular near x. 

The case p = 2 and / = 0, which corresponds to the case of a semilinear frac¬ 
tional heat equation, sufficient conditions for the existence of weak solutions with 
uo G L? (n) , and strong solutions for uq G L°° {Pi) , have already been proved in 
m- Additionally, further dynamical properties (i.e., existence of finite dimensional 
global attractors and global asymptotic stabilization to steady states as time goes 
to infinity) were also derived for a semilinear parabolic problem of the form 

dtu + {—A) 2 U + h {u) = 0 in nx(0, oo), u = 0 on (]R^\n) x (0, oo), (1.3) 


with nonlinearity h (r) which has a good sign at infinity as |r| —> oo, and which is 
coercive in a precise sense. Finally, some blow-up results were also proved in m 
for (II.3p with h (t) ^ — Irl*^ r, as |r| —>■ oo, emphasizing the same critical blow-up 
exponent p = p = 2 as for the corresponding parabolic equation associated with the 
classical Laplace operator — A. We extend our work of m to prove the local in time 
existence of solutions to parabolic equations with degenerate fractional diffusion and 
more singular kernels using an approach based on [Sli] and also developed further 
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in [2]. Although our general scheme follows closely that of 0011], many of the 
key lemmas used in the case of the classical p-Laplace operator cannot be adapted 
or exploited in their classical form to deal with the fractional p-Laplacian (—A)* 
for s € (0,1) and p € (l,oo). Hence, we develop some new techniques including 
some new functional inequalities allowing us to extend the results of 0 in the 
present setting. Among these new tools that we derive it is worth mentioning a 
nonlinear version of the classical Stroock-Varopoulos inequality (see Lemma 13.91) 
which is an important inequality in the theory of Markovian semigroups, and a 
new coercitivity estimate (see Lemma 13.101) which is also crucial in the proofs 
for the energy estimates. In particular. Lemma [3.91 extends the classical Stroock- 
Varopoulos inequality which was available only in the case p = 2 (see [201 El]) and 
covers also the case when p ^ 2. Lemma 13.91 is the main tool in proving our first 
main result of Theorem 12.31 Then we also generalize the blow-up results of m to 
the present case (see Theorem l2.5|) when q > p following a technique adapted from 
[18) . We emphasize that our results hold without any regularity assumptions on 11. 
There is vast literature on degenerate parabolic equations involving the classical 
diffusion operator — Ap. We refer the reader to the following list [31|31|31ini[IH] (and 
references contained therein) which is not meant to be exhaustive. 

To the best of our knowledge, little is known about parabolic problems associated 
with the fractional p-Laplacian (—A)® with the exception of [22l ES ES]. In [25], 
some regularity results are provided for the quasi-linear parabolic equation dtu + 
(—A)®u = 0 and Dirichlet boundary condition w = 0 in R^\H, whereas in El] 
for the same quasi-linear problem, it is proven the eventual boudedness of u in 
L°° ((t, T) ;L°° (f^)), for every r > 0, provided that the initial datum ug £ (fl). 

Most recently an integration by parts formula for the regional fractional p-Laplace 
operator has been also derived in [24] . 

Outline of paper. In Section 12.11 we state the relevant definitions and notation of 
fractional order Sobolev spaces. Furthermore, in Section [2. 2 1 we give a summary of 
the main results but reserve the proofs for subsequent sections. In Section 0 we 
introduce an auxiliary and a regularized version of the original problem and prove 
some local existence results for them. Finally, the local existence result for the 
original problem and then a finite time blow-up result are proved in Section [4| 


2. Outline of results 


2.1. Fractional order Sobolev spaces. In this subsection, we recall some well- 
known results on fractional order Sobolev spaces. To this end let H C be an 
arbitrary open set with boundary dfl. For p £ [I,oo) and s £ (0,1), we denote by 


W®’P(H) :=\u€ LP(H) : 


\u{x) - u{y)\P 


laJn \x-y\^+P’ 
the fractional order Sobolev space endowed with the norm 


dxdy < 00 




\u\P dx + 




'n 


|M(a;) - u{y)\P 


dxdy 


In order to handle a non-smooth fl C 
and bounded set, we let 


Wo’^(fl) = v{n) 




InJn \x-y\^+P^ 
in the case when fl is simply an open 

—iv"’P(n) 


and W®’P(fl) := IF®'P(fl) D C'(fl) 
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By definition, W'o’^(ri) is the smallest closed subspace of containing the 

space X>(n) := (fl) (equipped with the topology that corresponds to conver¬ 
gence in the sense of test functions). If p S (l,c»), then one may characterize the 
space bbg’^(f2) as follows (considering W'g’^(r2) as a subspace of bb®’P(n)) 

W'o’^(n) = {u G : M = 0 quasi-everywhere on 90}, 


where u is the quasi-continuous version of u with respect to the capacity defined 
with the space bb®’P(0) (cf. [131 Theorem 4.5]). Finally we define the space 

IFo’P(n) = {u€ IF®’P(K^) : u = 0 a.e. on \ Oj. 


It is clear that IFq’^(O) and IFq’^(O) are both subspace of IF®’P(0), but there 
is no obvious inclusion between IFg’^(O) and IFg’^(O). We notice that IFo’^(O) 
contains the space of test functions X>(0) but the latter space is not always dense 
in IFq’^(O). It has been proved in [Ml Theorem 1.4.2.2] (see also [12] for some 
more general spaces) that if O has a continuous boundary, then 2?(0) is dense in 
IFg’^(O). In addition if Vt has a Lipschitz continuous boundary and s ^ 1/p, then 
IFg’^(n) = IFg’^(n) with equivalent norm. 

Throughout the remainder of the paper, we make the convention that if we write 
u G W'Q’^(n) we mean that u G IF®’^’(]R'^) and it = 0 a.e. on In that sense, 

a simple calculation shows that 





\u{x) - u{y)\P 
\x - y\^+^P 



1 

P 


( 2 . 1 ) 


defines an equivalent norm on the space IFQ’^(r2). We shall always use this norm 
for the space B/}’^(O) even when ft is simply an open bounded subset of K^. Let 
p* be given by 


P 


★ 


Np 

N — sp 


if N > sp and p* G [p, oo) if TV = sp. 


( 2 . 2 ) 


Then by m Section 7], there exists a constant C = C {N,p,s) > 0 such that for 
every u G IFo’^(n), 


Ihll^.n < VgG[p,p*]. (2.3) 

Since 17 is bounded, we have that (12:31) also holds for every q G [1,P*]. Moreover, 
the embedding IFQ’^(fl) L'^(n) is compact for every q G [1,P*). The following 
version of the Gagliardo-Nirenberg inequality for the space IFg’^(n) in the non¬ 
smooth setting will be used. Let p G (1, oo), q,r G [1, oo] and 0 < a < 1 satisfy 

- = - +-= -■ ( 2 - 4 ) 

q p r I\p r 

Then there exists a constant C > 0 such that for every u G IFQ’^(r2), 

l|■^^llLo(n) < ll^llLP*(n)ll'^llL'-(n) — (2-5) 

If 0 < s < 1, p G (1, oo) andp' = p/(p— 1), the space {^) is defined as usual to 

be the dual of the reflexive Banach space VFg’^(17), that is, (IFg’*’(17))* = (17). 

For more information on fractional order Sobolev spaces we refer the reader to 
[2 HU nn na na El] and the references contained therein. 
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2.2. Main results. Let C be an arbitrary bounded open set. As usual 
for a Banach space A, we denote by Cw{[a,h\',X) the set of all A-valued weakly 
continuous functions on the interval [a, 6 ]. We also denote by {■,■)x* x duality 
between X* and X. First, we introduce the rigorous notion of solution to the 
system cu. 


Definition 2.1. Let 0 < s < \, 2 < p,q,r < oo, p' = p/{p — 1), r' = r/(r — 1) and 
q' = 9/(9 ~ !)■ Let uq G L^{n) and 

/ G WLp'(( 0,T); n L’'(fi)) 

for some 7 > 0 and T > 0. A function u is said to be a (strong) solution of (II.ip if 


(u G L°°((0, T); L-{n)) n LP((0, T); n L«((0, T); L«(ff)), 

I dtu G L«'((0,T); 

I u{t) G W^’P{Ti) n L^{n), a.e. t G (0, T), 


and, a.e. t G (0,T) for every v G VFQ’^(n) fl L’'(n) =: F, with r > 

{dtu{t) ,v)y. y 

f f -Ui/)) 

2 \x-y\^+^P 

= (|U (t) |«-2u (t) , + (/ (t) , , 

and u satisfies the initial condition 


(2.7) 


dxdy 


u{-,t)^uo strongly in U{p) as t —>■ 0 +. 

Remark 2.2. Notice that (|m (<) (t) ,u)^. ^ on the right-hand side of (j2.7l) is 

well-defined since for r > , V C L'^ (11) boundedly (see also (13.71) below). 

The following is the first main result of the article. 


Theorem 2.3. Let T > 0 be fixed, 0 < s < 1 and p,q,r G [2, 00 ) be such that p < q 
and assume that 

N{q-p) 

r > -. 

sp 

Let uq G L'^(Ll) and assume 

/G W^'P{{t),T)■W-^'P\9) + L'^\Ll))r^L^+^{{t),T)■L''(Sl)) 

for some 7 > 0. Then the following assertions hold. 

(a) 7/7 > 0, then there exist a non-increasing function T* : [0,oo) x [0, 00 ) —>■ 
(0, T] independent of T, uq and f and 

To := T* (^Woh^in), £ WfimlVn) ’ 

such that dnj has at least one strong solution on (0,To). 

(b) 7/7 = 0 , then there exist a non-increasing function Tf : [0,oo) —)> (0,T] 
independent of T and uq, and Tq := 7/(||uo||Lr-(f2)), such that (II. ip has at 
least one strong solution on (0,To). 
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(c) The strong solution has in addition the following regularity: 


The proof of Theorem l2.3l relies on rewriting p.lll as a first order Cauchy problem 
which is governed by the difference of two subdifferential operators in reflexive 
Banach spaces following the work of [2]- A family of approximate problems and 
refined energy estimates will be employed to construct solutions with initial data 
uq G L'^ (fl). The primary new difficulty, due to the nonlocal character of the 
fractional p-Laplacian, is obtaining a new comparison lemma for various energy 
forms (see Lemma EU and several other critical lemmas properly modified from 
[2] to handle our case. Solutions are first constructed for some auxiliary problems 
associated with (HH). 

The second main result deals with blow-up phenomena for the strong solutions 
of (11.11) . To this end, we define the following energy functional 

f 


E{t) := 


2p 


f f \uix,t)-u{y,t)\P 1 f 


u{x,t)\‘^dx (2.8) 


and notice that when / = 0 , 

^^E{t) = -\\dtu{t)\\l.^^^<0 (2.9) 

for as long as a smooth solution exists. In fact, every strong solution of Theorem 
] satisfies an energy inequality, as follows. 


Proposition 2.4. Let u be a solution in the sense of Theorem \2.S\ and further 
assume that uq G ITg’^(n) and / = 0. Then 

E{t)<E{0), (2.10) 

for almost all t G (0,To), for as long as a strong solution exists. 

Theorem 2.5. Let u be a strong solution of (HD in the sense of Theorem \2.S\ and 
/ = 0. Let Uq G ITQ’^(n) such that E (0) < Eq and |||uo||lw®’P(n) > 

__2_ fl l\ -2IL 

a = a Ao =-C, 

\P <1J 

where C* > 0 zs the best Sobolev constant in (E3D and q G (_p,p*]. Then the strong 
solution blows-up in a finite time t, > 0 with 




u < 


q-2 

L2(n) 




1 ) (9-P)’ 


( 2 . 11 ) 


for some (3 > a. 


Remark 2.6. These results can be also extended to degenerate parabolic equations 
of the form 

dtu Tp,s,n (m) - g{u) = f {x, t ), {x,t) gLLx (0, T), 
subject to the condition u = 0 in where 

'u{x) - u{y) 


(u (x)) := P.V. [ a{u{x),u (y)) 


\x - y\^+P‘ 


dy 
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with a G C (R^,IR+) satisfying the following condition 

Cp In - T 2 |^“^ < a(ri,r 2 ) < co(l + In - r 2 |^“^), 
for all ti,T 2 G K, for some co,Cp > 0. The function g is a maximal monotone graph 
in such that \g (s)| < Cg |s|'^~^ as |s| —>■ oo. We leave the details to the interested 
reader. 


3. Auxiliary and regularized problems 


3.1. SubdifFerentials. In this subsection we introduce some useful properties of 
subdifferentials of proper, convex and lower semi-continuous functionals on a Ba¬ 
nach space. 


Definition 3.1. Let A be a reflexive Banach space. 

(a) A mapping ip : X ^ {—oo, oo] is called proper if its effective domain 

D{(p) := {x G X : (p{x) < oo} 

is not empty. For a proper mapping ip : X ^ (—oo, oo], we define the convex 
conjugate p* by 

p* : X* —>■ (—oo, oo], p*(x*) := sup x*{x) — p(x). 

xex 

Note that p* is convex even if p is not. 

(b) Given a mapping p : X ^ (—oo, oo] and xo G X, a functional x* G X* is 
called a subgradient of p at xq if for a\\ x G X, we have 

X*{X - To) < p(x) - p(xo). 

The set of all these subgradients is called the subdifferential of p at xq and 
is denoted by dxp(xo)- The domain D{dxp) of the subdifferential dxp is 
given by 

D(dxp) ■■= {xG X : dxp(x) 0}. 

Obviously, D{dxp) C D{p). 

It is well-known (see e.g. [SJITH) that every subdifferential of a proper, convex 
and lower semi-continuous functional is maximal monotone. Moreover, li X = H 
is a Hilbert space then the subdifferential dup can be written for u G D(p) as 

dnpiu) = {w G H : p(v) — p(u) > (w,v — u)h, for all v G D(p)}, 


where (■,■)!{ denotes the inner product of H, and also dnp becomes a maximal 
monotone operator on H. For a proper, convex and lower semi-continuous func¬ 
tional p on H, the Moreau-Yosida approximation p\ of p is defined as follows: 

px(u) := inf IttvIIu — vW^j + , for aWuG H, A > 0. (3.1) 

v&H I 2A I 


We recall that the Yosida approximation of a maximal monotone operator A on a 
Hilbert space H is defined as 


1 


A 


I - (I + XA) 



A > 0. 


(3.2) 


The following result provides some useful properties of Moreau-Yosida and Yosida 
approximations. Its proof can be found in 0 Proposition 2.11, p.39]. 
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Proposition 3.2. Let ip be a proper, convex and lower semi-continuous functional 
on H and ip\ be its Moreau- Yosida approximation. Then ip\ is convex, Frechet 
differentiable in H, and its Frechet derivative dniT^) coincides with the Yosida 
approximation {dHT)\ of DhT- Moreover, the following properties hold: 

((p\{u) = ^\\u— JxuWjf + (p{Jxu), for all u G H, X > 0, 

< (p{Jxu) < ipx{u) < (p{u), for all u G H,X > 0, (3-3) 

t <p(w) o-s A —>■ O+j for all u G Ft, 

where Jf := (/ + XdH<-p)~^ *5 the resolvent operator of dn^- 

The following type of chain rule for subdifferentials is taken from [2j Proposition 
5], 

Proposition 3.3. Let X be a reflexive Banach space, T > 0 he fixed and let 
ip : X ^ (— 00 , 00 ] be a proper, convex and lower semi-continuous functional. Let 
p G ( 1 , 00 ) and let u G VP^’^((0,T); AT) be such that u{t) G D{dxip) for o.e. t G 
(0,T). Suppose that there exits g G L^ ((0,r); AT*) such that g{i) G dxT’i'o-it)) for 
a.e. t G (0,T). Then the function t 1 —>■ ip(u{t)) is differentiable for a.e. t G (0,T). 
Moreover, for a.e. t G {0,T), 

j^ip{u{f)) = l^f, for all f G dx<p{u{t)). (3.4) 

Next, let 0 be a maximal monotone graph in In the following result, for 
a given u G L‘^{Tl) we discuss the representation of 6{u{-)) as the subdifferential 
5L2(n)0(M) for some proper, convex and lower semi-continuous functional 0 on 

L'^in). 

Proposition 3.4. Let C he an open and bounded set and let 6 : M. ^ 
(— 00 , 00 ] be a proper, convex and lower semi-continuous functional. Define the 
functional 0 : L^{Lt) —>■ (— 00 , 00 ] with effective domain D{Q) = {u G L'^lfil) : 
0{u{-)) G L^(n)} and given by 


e{u) 


i j 9{u{x))dx 
[- 1-00 


if uG D{e), 
otherwise. 


Let jf and fx (X> 0) denote the resolvent operators of the subdifferentials 9^,2 (n)0 
and 9r0, respectively. Then the following properties hold. 

(a) The functional 0 is proper, convex and lower semi-continuous on L^ (17). 

(b) For all f,u G Lfffl), we have that f G 9i2(Q)0(M) if and only if f(x) G 
dR9(u(x)) for a.e. a: G 17. 

(c) For all u G Lfiffl), jfu{x) = jxu{x) for a.e. x G LI and for all A > 0. 

(d) For every m G [l,oo], if u,v G L'^{LV) fl Lfffl), then JxU,d]^ 2 (^Q^Qx{u) G 
L"^(Ll) n L^(Ll) for all X > 0 and 

II^A M - Jxvh'n^n) < ||m - p||Lm(n), 

2 

l|9L2(n)0A(w) — 9i2(f2)0A(?;)l|im(n) < ^11^^ — 
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(e) If 9k6*(0) 9 0, then for every p € (l,c)o) and s G (0,1), we have that 
Jfo = 0, Jfu G n L‘^{n) for all u G Wo®’P(n) n L^(Vl) and for all 

A > 0. Moreover, 





y^N+Sp 


dxdy < 



\u{x)-u{y)\P 

\x - 


dxdy. 


(3.5) 


Proof. The proof of parts (a), (b) (c) and (d) is contained in [31 Proposition 6 ] (see 
also [B Proposition 8.1] for parts (a) and (b) and also jS] Proposition 2.16, p.47]). 

Next, let A > 0, p G (l,oo), s G (0,1) and u G bF®’P(R^) fl L^(R^). It follows 
from part (d) that G LP(JS.^) fl L^(]R^). Since 

\j\{u{x)) - ji{u{y))\ < \u{x) - u{y)\ for a.e. x,yeR^, 

then we obtain (13.51) by using the assertion (c). 

It remains to show the assertion (e). First, let A > 0, p G (I,oo), s G (0,1) and 
u G IF'*’P(R^) n It follows from part (d) that jfu G LP{n) n L^(r2). Since 

\j\iuix)) - jl{u{y))\ < \uix) - u{y)\ for a.e. a;,yGK", (3.6) 

then we obtain (13.51) by using the assertion (c). Next, assume that 5 r 0(O) 9 0. Then 
it is clear that j®0 = 0 and hence, jfO = 0 and | J®u(a;)| < |u(ai)| for a.e. x G 11. Let 
u G Wo’^mnL'^in) c IF"’P(K^) nL2(f]) and A > 0. Since Jfu G Lp( fl) n {n) 
(see above), it follows from (13.61) and part (c) that jfu G IF®’P(K^)(~lL^(n). Since 
I J®m(x)| < |m(x)| for a.e. x G we also have that J^u = 0 on R.'^ \ fl. Therefore 
jfu G IPg’^(fl) (~lL^(n) and we have shown part (e). The proof of the proposition 
is finished. □ 


3.2. The auxiliary problems. We first write the system (HID as a first order 
Cauchy problem. To this end recall that 0 < s < I, p, r G [2,oo) and denote 
V := IFg’^)!!) n M{fl) as the Banach space equipped with the norm 

lk||u:= (l|u|liqa) + ll|M|||^.,P(j^))' . 

where the second norm is given by dUD- Let V* denote the dual of the reflexive 
Banach space V. Then 

y* = W-‘^’P'{n) + u'{n) := {u = UiP U 2 -, Ui G W-"’P'(fI), U 2 G 

where p' = p/(p — 1) and r' = r jir — 1). For every r > 2, we have the continuous 
injections V ^ ^ V*. 


Next, for p,q,r € [2, oo) satisfying p < q and 

N{q-p) 


r > 


q < 


N- 


sr 


-P, 


(3.7) 


sp N 

we have that V is continuously embedded into L^{M). Indeed, if <? < r, then V 
is trivially continuously embedded into L^{M). If r < g, then it follows from (I3J1) 
that q < p*. Since ^ PP* {Q), we also have V ^ 

Let us now define the functionals $,'0 : P —>■ [0,oo) by 

Cn,p^ f f \u{x)-u{y)\P 

Jw 


4>(u) := 


' 1 f 

-dxdy, tpiu) '■= — \u\‘^dx, 

q Jn 


2 p ^Riv \x - y\^+^p 

for all u € V. It is easy to see that $,'0 G C'^(P, R). We state the following basic 
proposition whose proof is postponed until the Appendix. 
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Proposition 3.5. Let i9y$ and dyip denote the single valued subgradients of 
and ip, respectively. Then is an operator from V to V* and can be expressed 
as 

D(3y<&) = V and 9y$(w) = (—A)pU, for allu G V. 

More precisely, is a realization in V* of the fractional p-Laplace operator 

(—A)p with the Dirichlet boundary condition u = 0 on Finally, under the 

assumption (IX71) . we also have that dyf) is an operator from V to V* with 

D{dvip) = V and dvtpiu) = \u\‘^~^u, for all u G V. 


By virtue of Proposition 13.51 the system (II.1|) can be rewritten as the following 
abstract Cauchy problem 

nil 

— {t) + dv^{u{t)) - dvtpiuit)) = fit) in P*, 0 < t < T, 

^uiO) = Uq. 

Next, we also define the functional (f> : L^(r2) —?> [0, oo] by 

- / \ufdx if M G L’'(n) 

r Jn 


(fiu) := 


/n 
+00 


otherwise. 


We note that the energy functional $ (u) — ifiu) is not bounded from below on 
W'o’^(fl)ni^(n) but the sum $ (u)— ■!/'('«)+ where denotes the characteristic 
function over some ball X in L’' (SI) turns out to be coercive provided that r satisfies 
(j3.7[l . In this respect, we can establish the following crucial result. 


Lemma 3.6. Let 0 < s < 1 and let p,q,r G [2,oo) satisfy p < q and (13.7p . 
Then there exist a constant e G (0,1] and an increasing differentiable function 
F : [0, oo) —>■ [0, oo) such that for every u G 73($) l~l L){ip) = W'o’^(SI) (~l L’'(SI) = V, 

ijj{u) < Fi(j){u))[^iu) + (3.9) 


Proof. Let u G Wg’^(SI) (~1 L‘^{Q). If g < r, since SI is bounded then by the classical 
Holder inequality, we have that there exists a constant C > 0 such that 


Uf 


i\'^dx = Tpiu) < C 


1 


dx I = C[(j)iu )]. 


Hence, we have that (13.9p holds with e = 1 and F{f) = C't'?/'’. 

If r < g, then q < p* (see (12.21) 1. Hence, using the Gagliardo-Nirenberg’s in¬ 
equality (12.5p . one can find a constant C > 0 such that 


l|w||L<i(n) < C 


2p UnUn \x-y\^+^P V " 


where a G (0,1) is given by 
1 a 
q p* 


1 — a N — sp 


1 — a 


r Np 

We notice that (|3.1ip and (13.71) imply that 


-a 


0 < ag = (g — r) ( 1 — 


N-sp\ {^^)p-r 


Np 


r < 


1 - 


/ N-sp \ 
\ Np ) 


= p. 


(3.10) 


(3.11) 


(3.12) 
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It follows from ()3.10|1 that 


'0(u) < C 


( Cn,p,s 



\u{x)-u{y)\P 
\x - y\^+^P 



gg 

p 


Ikll 


(l-a)q 

L'-(n) 


= C[$(m)] r [(/>(w)] 


(i-g)g 


Note that 0 < aq/p < 1 by (13.121) . 
e = 1 — aq/p and J^{t) = Ct ? . 


Thus we have shown dSH) with the constant 
The proof of lemma is finished. □ 


Next, let T > 0 be fixed, uq G = V = D L^(p.) and / G 

T]; V). We shall introduce an auxiliary problem associated with the abstract 
Cauchy problem (13.8p . To do this, we let tr := (j){uo) + 1 and set 

V^ = {v€V : (j){v) < CT IkllLr(o) < ra}. 

We define the proper, convex, lower semi-continuous functional : 1^ —>■ [0, oo] by 




$(u) if u G 14, 

-|-oo otherwise. 


Clearly, C V = £>($) and D(dv^'^) = K, C V = D(dv<l>). It follows 

from [71 Theorem 2.2] that for all u G D(dv^'^), 


dv^'^iu) = dv^{u) -I- dvXv„{u) 


(3.13) 


where xv„ denotes the indicator function of the convex set 14 defined by 


XU, (u) 


0 M G 14 
oo U ^ Va- 


We notice that by [HI Example 2.8.2], the subdifferential dyxv^ of the functional 
Xu, is given by 

[0 if ^ 14, 

dvXv„{u) = S {0} if rt G Int(14), (3.14) 

I the normal exterior cone to 14 if rt G boundary(t4)- 


Corresponding to problem (13.8p we consider the following modified problem 

f ^(4 + dv^''{u{t)) - dvi/{u{t)) 9 /(t) in 4*, 0 < t < T, 

I u(0) = Uq. 


We observe that a solution of problem (I3.15P on (0,T) is also a solution of (13.81) 
on (0,T) provided that one has in addition (j){u{t)) < a. Indeed, in that case 
'9uXu,(^ (0) = {0} by 1I3.14I) . and by (I3.13p . this implies cly$‘^(u (t)) = dv^{u {t)) 
a.e. t G (0,T). Thus, in order to establish the existence of a solution to problem 
(13.81) it suffices to construct a sufficiently regular solution to the Cauchy problem 
(13.151) and to derive additional a priori estimates on this solution. To this end, 
we first define the extensions $ ,4 of and ip, respectively, to the Hilbert space 
H ■- L^{n) by 


$"(w) := 



if M G E, 
otherwise. 
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and 


V'{u) 



if u S L'*(r2), 
otherwise. 


Then, and ip are proper, convex and lower semi-continuous oil H = L^{Q). 
Let Oh^ and Sij'i/' denote the subdifferentials of <i> and ip, respectively. Then, it 
readily follows 


and 


(u) C dy^'^iu), for all u G D^dn^'^), 


ip{u) = ip{u) y u gV, D{dHtp) (IV C D{dvtp), 
dntpiu) C dyipiu) for all u G D(dH'tp) H V. 


Now consider tp^ as the Moreau-Yosida approximation (see (EH) of Ip, for A > 0. 
Associated with problem (13.1511 . we introduce the following regularized problem in 

H = L^{n), 


I - dn'fpxiuxit)) 9 f{t) in H = 0 <t <T, 

[ma(0) = Uq. 

(3.18) 

Regarding the functionals defined above, we mention the following facts. 
Remark 3.7. (a) It follows from Lemma [3.61 that for every u G Il($'^) = Va, 

ip{u) < R[(p{u)] [<h(u) -1-1]^ + R{a). (3.19) 

(b) There exists a constant C > 0 such that for every u G Zl($'^) = 14, 

Ml = (lMli-,n, + lll»lllA-,n,)* 

<C (||.|iy,„, + Ill"lll"„;,.,i5,) < C («'(») + . 

(c) The subdifferential dyip '■ R —>■ R* is a compact operator. Indeed, let 
C > 0 and let be a sequence in V such that ||un||v < C. Then, after 
a subsequence if necessary, Un converges weakly to some u in the reflexive 
Banach space V. Since the embedding V ^ L^{QP) is compact, passing to 
a subsequence if necessary, we may assume that 

Un ^ u strongly in 

Since dvip{un) = |urt|'*~^Wrt we have that 

dv'ipiun) —>■ dv'4’{u) strongly in L‘^ (fl). 

Since (12) R*, it follows that 

dv'4’{un) —>■ dv'4’{u) strongly in V*. 

Hence, dy'^p '■ H —>■ H* is a compact operator. 
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(d) Finally, let jf (A > 0) be the resolvent operator of dn^’- By Proposition 
1311 parts (e) and (f), we readily have 

< (t>{u) < a, < $(u), for all u G (3.21) 

Moreover, 

< $‘^(u), for all u G £»($'"). (3.22) 

We conclude this subsection with the following lemma. 


Lemma 3.8. Recall 0 < s < 1 and let p,q,r G [2,oo) satisfy p < q and (13.71) . 
Let u G L^[Lt) be such that v := u G VFg’^(n). Let ipx and <f>\ (A > 0) be 

the Morreau- Yosida approximation of ip and (p, respectively. Then there exist a 
constant e G (0,1] and an increasing differentiable function F : [0,oo) —>• [0,oo) 
such that 


Jn 

<FiPiu)) 


\{u)dH(t)\{u)dx 
Cn,p,s f 


1 + 


/ 


/R'V JRW 


|n(a:) - v{y)\P 

\x - y\^+^P 


1 — e 


dxdy 


(3.23) 


Proof. Let A > 0 and let u G L^{Ll) be such that := |m| p u G Wo’^(n). Since 
\jfu{x)\ < |u(a:)| and |J^M(a;)| < |w(cc)| for a.e. a: G 11, we have that 


/ dHi)\{u)dH(t>\{u)dx 

Ja 

= f \jfu{x)\'^~‘^jfu{x)\jfu{x)\’'~^j'^u{x)dx < f \u{x)\‘^~^'^~^dx. 

J Q Jci 


In light of (13.71) we easily see that 


g + r- 2 < + ^ ^+1^“ 2. (3.24) 


If sp < N, then 


r + p — 2 


P = 


N 


N — sp 


N 


= 1 + 


sp 


r + 


N — sp 
N 


N — sp J \N — sp 


(P- 2 ) 

b-2). 


It follows from (13.241) and (I3.25|) that 


p:=p 


q + r -2 
r + p — 2 


< p . 


Next, let V := u. Then 

|y|?+r-2 _ |^|p |y|P = |i;| r+p -2 , 

Assume that v G W'q’^(II). Since 1 < ^_^p _2 < p < P* and 




(3.25) 




Cn. 


|n(x) - v{y)\P . , V 
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then using the Gagliardo-Nirenberg inequality (12.5L we have that there exists a 
constant C > 0 such that 


IkllLP(n) < C'llklll^Vo'’’^(n)ll^l 


L r+p~2 (Q) 


(3.26) 


<C 


<C 


|7;II rp 


C. 


N,p,s 


|i;(a;) - ■u(?/)|p 


dxdy 


C, 


N,p,s 


2 Jrn Jrn \x — y\^+^p 

f H») -»fa)l- 


il-o; 


Ikll 


ir+p-2 (O) 


Lr+p-2 (Q) 

■ C||p|l PP 

" "Lr+p-2 (O) 


with 0 < a < 1 satisfying 


1 a (1 —a)(r+p—2) 
p p* rp 


A simple calculation gives 

0 < a = 

It follows from ()3.26p that, 

/ \u\‘^'^^~'^dx = [ \v\^dx 

JQ Jq 


f r+p-2 \ _ / r+p-2 A 
\ pr ) \p{q+r-2) J 

f r+p—2 \ / N—sp \ 

\ pr ) \ Np ) 


< 1 . 


(3.27) 


<c 

<c 

Letting 


Cna 


2 

C'N.p.s 


dxdy 


dxdy 


(Dip 


r |p(x) - v{y)\P 
\x-y\^+^P 

\v{x)-v{y)\P 
\x - yl^+^^P 

f (l-c)(g+r-2) q+r-2 

:= sup <t r ,t r 


iiuii^'-^ +c\\vr^ 


Lr+p-2 (H) 


+ cii4iS,y7 

} 

i < 

1 (^)p -2 


Lr+p-2 (Q) 


we have that : [0, oo) —>■ [0,oo) is increasing and differentiable. Thus, (13.231) 
follows from (I3.27P together with the simple estimate 


l-E=^ = i- 


9-2 


< 


t > 0 


p p ( r+p-2 ^ _ f N-sp \ p ( r+p-2 ^ _ ( N-sp \ 

[ P ) [ ^P J [ P J [ J 

The proof of the lemma is finished. 


= 1 . 


□ 


3.3. Solutions to the auxiliary problems. In this subsection, we investigate the 
existence and regularity of solutions to problems (I3.15L (13.181) for regular initial 
datum uo € D (<&) = V and / G G^OO, T]-,V). Before we turn our attention directly 
to the Cauchy problem (I3.18|l . we require the following two crucial lemmas. The 
first result is essential and is of independent interest. The second one establishes a 
kind of coercitivity estimate. Their proofs are postponed until the Appendix. 

Lemma 3.9. Let p G (l,oo), r G [2,oo) and let £ be the energy given by 

£{u,v)= / \u{x) - u{y)\P~'^{u{x) - u{y)){v{x) - v{y))K {x,y)dxdy, 

JR" 
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for some positive kernel K : K” x R” —>■ R+. Then 

Cr,p£{\u\~ U^\u\~P~ u) < £{u,\uf ^m), 
for all functions u for which the terms in (j3.28|) make sense, and where 

P 


(3.28) 


Cr,p ■■= (r - 1) 


P- 


r-2 


Lemma 3.10. Let 0 < s < 1, p,q,r £ [2,oo) satisfy p < q and (13.711 . Let u £ 
L>(dv^) and let := (/ + pidH4>)~^> p> 0. Then 

J^u £ D{dv<^), dnMu) e := \J^u\^ J^u £ W^’^iQ). 

In particular, if u £ D{dv^'^), then there exists a positive constant /3 independent 
of fx such that for all g £ 


I3Cn,p,s 

2 


\Vf,{x) - v^{y)\P 


dxdy < {g,dH(t>p{u))v*,v- 


(3.29) 


We have the following result of existence of solutions to the abstract Cauchy 
problem (I3.18|) . 


Proposition 3.11. Let 0 < s < 1, p,q,r £ [2,oo) satisfy p < q and (j3.7l) . Let 
T > 0 be fixed, uq £ L)(^), A > 0 and f £ C^([0,T];P). Then there exists a 
unique function u\ £ C'u,([0, T]; lA) n W^’^((0, T); L^(fl)) which is a strong solution 
of (|3.18l) on (0,r). Moreover, 

sup (l){ux(t)) < a and vx := \u\\~u\ £ LP{{0,T)-,WQ^{fl)). (3.30) 

te[o,T] 

In addition, the function 1 1 —>■ <i> {ux{t)) is absolutely continuous on [0,T]. 


Proof. First, we notice that by Proposition 13.21 dn'^’x coincides with the Yosida 
approximation {dHtp)x of the maximal monotone operator dn'f’ (see (13.21) 1. Hence, 
by PropositioninillSij'!/';,, is Lipschitz continuous in L’'(H) as well as in Lf{Vl). Since 
is proper, convex and lower semi-continuous on H = Lf{£l) and the mapping 
t !->■ f{t) belongs to L^((0, T); L^(H)), we can exploit [6l Proposition 3.12 and 
Theorem 3.6] to infer that for every uq £ = if (SI), the Cauchy problem 

(I3.18P has a unique strong solution ux- Moreover, it holds 

V^^(t)eL^(( 0 ,r);L^(H)). 

In particular, if uq £ we have 

WA e C'u,([0,r]; H) n VF^’^((0,r);L^(H)) and ux(t) £ V, (t>{ux{t)) < a, 


for all t £ [0,T]. Hence, the function t i-!> ^'^{ux{t)) is absolutely continuous 
on [0,T] and the first statement of (13.301) also follows. It remains to show the 
second part of (13.301) . To this end, multiplying (I3.18|) by dH4>fj.iux{t)), p > 0, then 
employing the chain rule formula (13.41) (see Proposition 13.3|) . we obtain 


-J^(l>p{ux{t)) + I dH(j)p{ux{t)) 


fit) - ^it) + dnf’xiuxit)) 


dx 


(3.31) 


= / dHtpxi'^x{t))dH(t>ui'^xit))dx + / f{t)dH4>p{uxif))dx. 
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Let := \Jf^ux{t)\ p J^u\{t). Note that vx^f^{t) G n L^{V,) = V. 

Recall that by Lemma 13.101 and virtue of (13.161) it holds 

aCN,p,s f f \vx,tj.{x,t) - vx,p.{y,t)\P ^ 

/r^ Jr^ 

(3.32) 


2 Jrn J^n |a; — 

{ux{t)),dH4‘p{'^x{'t)))v*y- 


-dxdy 


By Proposition 13.41 dHfpx is Lipschitz continuous from U’{Vl) to U'{Vl). Hence, 
Holder’s inequality together with Proposition 13.21 yields the estimate 


dH^x{uxit))dHMu\{t)) dx < \\dH'il^xiu\{t))\\Lp{n)\\dHMu\{t))\\Lr'(n) 


<Cxcl){ux{t))<Cx<J,‘ 


(3.33) 


for some constant Ca > 0 depending only on A > 0 but not on /r > 0. Moreover, 
exploiting Holder’s inequality once again, one can find a constant C > 0 such that 

[ f{t)dH(l>p.{ux{t))dx < Ccr^||/(t)|Lr(n). 

Jn 

Combining (13.321) together with (I3.33L then integrating (13.311) over (0,t), and using 
Proposition 13.21 once more, we deduce 

ft 


4>p.{ux{t)) +/3 


Cna 


\vx,t,ix,T) - vx,^iiy,T)\P 




dxdydr (3.34) 


<())(mo) + CactT +/3(t^ / II/(r)II^-( 0 )dr, 
Jo 


for all t G [0,T]. Now passing to the limit as ^ O'*' in the foregoing uniform 

estimate, by virtue of Proposition 13.21 we obtain 

J^iux)^ux strongly in C{[0,T]; L^{n)). 

Finally, since 2(p + r — 2)/p<r, it follows from ()3.34|1 that as /r —>■ 0"^, 

(“a) —>■ ux weakly-star in L°°((0, T); L’'(H)), 
vx,ij. —>■ v\ weakly-star in L°“((0, T); L^(H)), 

\,p vx weakly in Lp((0 , T); Wg’^(H)), 

r-2 

where ua = |ua| p ux- The proof is finished. □ 


Having obtained a solution to the regularized problem (13.181) . we can now pass to 
the limit as A —>■ 0+ to deduce a solution to problem (13.151) . We have the following. 

Proposition 3.12. Let 0 < s < 1, p,q,r G [2, oo) satisfy p < q and (13.71) . Let T > 
0 be fixed, uq G D(f^) and f G C^{[0,T];V). Then there exists a unique function 
u G CujdO, T]; H) (~) 1F^’^((0, T); L^(H)) which is a strong solution of problem (13.151) 
on (0, T). 

Proof. Let uq G D{^) and / G C^{\f),T\,V). Let A > 0 and let ux be the unique 
strong solution of (13.181) which exists by Proposition l3.11l In the subsequent proofs, 
C > 0 will always denote a constant that is independent of t, f, A, which only 
depends on the other structural parameters of the problem. Such a constant may 
vary even from line to line. We multiply (13.181) by and we integrate the 
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resulting identity over (0,<). Using (I3.19p . (j3.20ll and Proposition 13.31 we get that 
there exists a constant C > 0 such that 

2 

dt + sup < C. (3.35) 

L2(n) te[o.T] 

The estimates (I3.20p and (13.351) imply that 

sup ||MA(t)||y < U. (3.36) 

te[o,T] 

Furthermore, we also have there exists a constant C > 0 such that 

sup \\Jtu\{t)\\v<C (3.37) 

tG[o,r] 

on account of (13.2211 and (|3.35l) . Let now 

9\-= fit) - ^(t) + dHfpxiuxit)) € 9//¥'"(uA(t)). 

Then, passing to a subsequence of {A} if necessary, we get that as A —?> 0+, 

' -r 

UA -t u, JJ(uA)-tU 
^ MA -t M, Jf iu\) -)> U 

dnipxiuxi-)) -)> dvfjiui-)) 

-t 5 e 5y$'^(u(-)) 

The first two foregoing convergence properties follow from (13.351) , (13.371) and (13.361) . 
The third convergence property follows from (13.351) in light of Remark 13.71 part (c). 
On the other hand, the last convergence property follows from the second and third 
of (13.381) on the account of the fact that L^(0) and (0) are both continuously 
embedded into V*. Clearly, (13.3811 also yields 

git) = fit) - + dyipiuit)), a.e. t e (0, T). 

Finally, since uxit) —)> Uq strongly in L'’(U) as t ^ 0+, we may conclude that the 
limit function u is the unique strong solution to the auxiliary problem (13.151) on 
(0,T). The proof of the proposition is finished. □ 

4. Proof of the main results 
In this section we prove the main results stated in Section 12.21 

4.1. Proof of Theorem 12.31 We can now complete the proof of the first main 
result of the article. This program will be divided into several steps. 

Step 1 (Additional uniform estimates). We give further (uniform) estimates 
of solutions to the regularized problem (13.181) that will be needed in the sequel. 
Recall that p,q,r G [2,oo) satisfy p < q and (13.7|) . Let A > 0 and consider the 
unique strong solution ux to (13.18|) . Multiplying (13.18|) by uxit), integrating the 


weakly star in L°°{{0,T)-,V), 
weakly in 1U^’^((0, T); L^(U)) 
strongly in C([0, T]; L?')^)), 
weakly in L‘^{{0,T);V*). 
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resulting identity over (0,t) and using (I3.20|l . we deduce 


^l|MA(t)||i2(o) + / 4>'"(uA(T))dT 


+ / \\f{T)\\v*\\uxiT)\\vdT 


<^lkollL2(Q) +(7 / ilj{ux{T))dT + C ||/(r)|l^*(ir 


+ 2 Jq ^ (wA(T))dr + -cr-. 


Lemma 13.61 together with (13.191) thus gives 


sup ||uA(t)||i2(f2) + / $ {ux{T))dT 

iG[0.T] Jo 


lko|li2(n)+TJ-(a) + WfirWy.dr 


Next, multiplying (13.181) by and using the fact that 


-^y ^{t)ux{t)dx 


- / f{t)ux{t)dx 


we obtain 


dux{t) 


dt 


L2(n) 


^ t^'"{ux{t)) -^“(uaW) 


NA(MA(t))] - i’xiuxit)) + ^ [t J^f{t)ux{t)dx 
- [ f{t)ux{t)dx - t [ ^{t)ux{t)dx. 

Jn Jn dt 
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Integrating the foregoing inequality over (0,t) and using (13.191) and (j3.20|) 
more, we readily see that 


/o 


duxir) 


dr 


dr + t^ {ux{t)) + / ilJx{u\{T))dT 

L2(n) Jo 

■t r 


<t%l)x(ux(t)) + / $ {ux{T))dT + t / f{t)ux{t)dx 

Jo Jn 

- [ f fiT)ux{T)dxdT - [ T f ^{t)ux{T)dxdT 

Jo Jn Jo Jn 

<^$'^('UA(t)) + c / {ux{T))dT + C sup T\\f{T)\ 


i-elo.T] 


t —a 


+ -<^\uxi.t)) + C I ||/(r)||^.dr + 
On the other hand, using the fact that 






dT + TJ^{a). 


sup t||/Wlly* ^ C” / ||/(t)||^. dt + 

te[o,T] \Jo 

we further get from (14.21) that 


df, ^ 


dt 


dux 

dt 


it) 


dt+ sup {ux{t)) 

L2(n) te[o,T] 


<Ci\\uo\\h^^)+TJ^{a)+ / ||/(t)||^dt + 


df, ^ 


dt . 


Letting A —>■ 0+, from (13.3811 and (14.111 we infer 

sup ||u(t)||i2(n) + / <^'"{u{T))dT 

tG[0,T] Jo 

<c(\\uo\\l.^^^+TJ^{a)+ r\\f{t)rv^dt 


and 


du, , 


dt+ sup t^’^{u{t)) 

L^(n) te[o,T] 


<c\^\uo\\h^a)+TH<^) + I \\fit)rv^dt + I 

for some constant C > 0 independent of t, f and A > 0. 


df, ^ 

'i**' 


dt 


once 

(4.2) 


(4.3) 


(4.4) 


(4.5) 


Step 2 (Passage to limit). Let T > 0 be fixed, uo € D{^) and / G C'^([0,T]; V). 
Let (j)^ be the Moreau-Yosida approximation of for ^ > 0 and let ua (A > 0) be 
the unique strong solution to (13.1811 . Multiplying (13.181) by dH4>tJ.{ux{t)) and using 
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the chain rule formula (see Proposition 13.311 . we have 

d f 

—(j)^{ux{t)) + J gx[t)dH(t)^{ux{t))dx 


= / dHi’Jux{t))dH^)_c{ux{t))dx+ / f[t)dH(t)n{ux{t))dx. 


Let vx,^{t) := \J^uxit)\ ^ for a.e. t G (0,T) and note that vx,f_i{t) G 

VPg’^(n) on account of Lemma Td. 101 Inserting the estimates of Lemmas 13.101 and 
13.81 into the foregoing identity, we readily have 


dt . 




(t>tj.{ux{t)) 

Cn,p,s 




\vxA^,t) - vx,p{y,t)\P 




\x - y\^+^P 


dxdy 


(4.6) 


\vx,p.ix,t) - Vx,fj.iy,t)\p 


2 Jrn J^n \x — 
f {t)dH4>p{ux{t))dx. 


dxdy 


1—e 


Holder’s inequality and (13.211) allow us to deduce 


[ fit)dHMux{t)) dx <\\f{t)\\Lr(^a)\\dH(t)p{ux{t))\\p^r'^(^^ (4.7) 

J Q 

<c\\f{t)\Wi^n)^{jt{uxm^ 

<C'a^||/(t)|U.(n). 

Integrating (14.611 over (0,t), using (14.711 . and recalling that the function vx,pL G 
LP((0, T); VLo’^(^))> there holds 


(l>ii{ux{t)) +/3 


<4>pi{uo) +^{cf) 


Cm^P^s 


Cn,p, 


R^ JR^ 


p,s 


\x - y\^+‘<p 

\vx,p{^’T) - XxAy^'PW 


dxdydr 


(4.8) 


1 1— 




\x - y\^+^p 


dxdy 


dr 


Ca- 


\\f{T)\\L-{n)dT, 


for some C > 0 independent of ^ > 0. Therefore, since 4>^{uq) < 4'(uq), after 
passing to a subsequence of {/r} if necessary, we can infer the existence of a function 
wx G LP((0, T); W^g’^(n)) such that, as ^ 0+, 


vx,p^wx weakly in LP((0,T); Wo’^(fl)). (4.9) 


Next, it follows from Proposition 13.21 that 


— ||MA(i) - J^UA(0||i2(o) = <(>m(«a(0) - <l^{JpUx{t)) < a. (4.10) 
Estimate (I4.10|) implies that J^ux{t) —>■ ux strongly in (^([O, T]; L^(H)), as /i —>■ 0+. 

_ r-2 

Hence, by (I4.9|l we can deduce that wx = vx = \ux\ ’’ ux- Moreover, by lower 
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semi-continuity it follows that 




|uA(a:,r) - vx{y,T)\P 
\x - 


dxdydr 


< lim inf 

At->-0+ 



/ 


/K-^ JrW 


kA,M(a:,r) - UA,/x(y, r)|^ 
\x - y\^+^P 


dxdydr. 


Passing to the limit in (14.81) with respect to ^ 0+, and applying Young’s inequal¬ 

ity, we get that 


(t>{ux{t)) 


/3 rcN., 


p^s 


\v\ix,T) - vx{y,T)\P 


/o 


' Jr^ Jr^ 

<(j){uQ)+tJ^{a)+t^+Ca~^ f \\f{T)\\r.r-(nxdT. 
^ Jo 


X - yl^+^^P 

L^{n)(- 


dxdydr 


(4.11) 


for all t G [0, T], Next, since the embedding V ^ is compact, the application 

of Ascoli’s compactness lemma together with (13.381) yields 

u\^u strongly in C{[0,T]; L'^{Q)). 

Since (j){u\{t)) < a for all t G [0, T] and 2{p + r — 2) /p < r, then letting A —>■ 0+ 
in (I4.11|) . we also obtain that 

{ u\^u weakly star in L°°{{0,T); 
vx^v weakly star in L°°{{0,T); L‘^{Q)), (4.12) 

vx ^ V weakly in Lp((0, T); IPq’^(11)), 

r-2 r-2 _ 

where vx '■= |ma| ’’ ux and v := |m| p u. We can then conclude from (14.111) and 
(14.121) that there exists a constant C > 0 such that 


j.i' U\\ I ^ f ^N,p,s 


|i;(a;,T) - v{y,T)\P 


R«- 7Riv I a; - 

t 


dxdydr 


(4.13) 


^(/((■uo) -f tJ'(cr) +t^+ C'o'^ J \\f{x)\\L-{n)dr. 
The final estimate (I4.13P implies that 


limsup(()(M(t)) < (l){uo). (4.14) 

t->-o+ 

Since u G (^([O, T]; L^(ll)) and (p is lower semi-continuous, we have that 

liminf ^(^(t)) > 0 (mo). (4.15) 

t->-o+ 

Since L’"(n) is uniformly convex, we obtain from (14.141) and (14.151) that 

u{t) ^ uo strongly in L''{Vt) as t—)>0^. (4.16) 

Step 3 (Solution to the original problem) Let T > 0 be fixed, Mq S D{^) and 

f €W^'P'(Q,T■W-^’P{n)+Ld{n))f^L^+^{Q,T]U(yt)) =: (4.17) 

for some 7 > 0. Let J- : [0,oo) —> [0, 00 ) be an increasing differentiable function 
satisfying the conclusion of Lemmas 13.61 and 13.81 
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• If 7 > 0, we take a non-increasing function T* : [0,oo) x [0,oo) —>■ (0,T] 
independent of T, uq and / such that 


T.(rj,0 


-^(^ + l) + f 


-I- C(rj + 


• If 7 = 0, we take a non-increasing function Tf : [0,oo) —>■ (0,T] which 
depends on / but not on T and uq such that 


Tfiv) 


Hv + i) + 




1 1 
+ C{r^ + l)Tr ||/(T)|U7a) < 2- 


Let now 




> 0 if 7 > 0 


and 

To := r/(<^(no)) if 7 = 0. 
Since a = (l){uo) + 1, it follows that 


sup (l){u{t)) < a. 

t G [0,To] 

Since 0(M(t)) < a for all t S [0,To], it follows from (|3.14|1 that dvXv^{u{t)) = {0}, 
a.e. t £ [0, To]; thus by (13.131) . {u{t)) = dv^{u{t)) for a.e. t £ [0, Tq], We have 

shown that it is a strong solution of (13.81) on (0, Tq) and hence, a strong solution of 
dm) on (0,To) if the initial datum uq £ D ($). 


Step 4 (Final argument). In this final step, we remove the assumption on the 
initial datum uq £ D{^). To this end, for fixed time T > 0, consider uq £ L^{n) 
and a function / satisfying (14.171) . Let uo,n S D{^) and /„ £ C^([0,T];F) be 
sequences such that Mo,n —>■ uq strongly in L’"(n) and fn ^ f strongly in yf. Let 
a := fpiuo) -|- 2. Then for sufficiently large n > no, we have 

(l){uo,n) < <(>(wo) + 1 and ^ \\+ 1. 

Moreover, there exists a function h £ T) such that, after passing to a 

subsequence if necessary, we also have 


ll/n(i)l|L7n) < Ht) for a.e. t £ (0,r). 

We now consider the n-approximate problem 

i^{t)+dv<^{Un{t))-dv'tp{Un{t))= fn{t), t £ (0, T) 

[m„( 0 ) = uo,„. 

Note that (14.181) possesses a strong solution on (0,To) satisfying 

sup 0(u„(t)) < 0(uo,n) + 1 < O' (4.19) 

iefO.To] 

for some Tq independent of n. Indeed, employing Step 1 once again, we have the 
following alternatives. 
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• If 7 > 0, then it is clear that 

cT 


T*L(wo.n),^ >7;U(uo) + i,^ 




r-i-h(v) 1 

+ Cir] + 1)^ J \hiT)\dT<- and Tf^{ri) >Th{r]), 


If 7 = 0, since \\fn{t)\\L’-{n) < h{t), then we can choose the function Th ■ 
[0,oo) —>■ (0,T] such that 

Th{ri) 

Thiv) |-^(^ + l) + | 

for any ij € [0, oo). 

Hence, we can take Tq > 0 uniformly with respect to n. In the remainder of 
the proof, C > 0 will denote a constant that is independent of t, /, n, and initial 
data, which only depends on the other structural parameters of the problem. Such 
a constant may vary even from line to line. It remains to derive uniform estimates 
for the solution with respect to n. First, by estimates (iri) and (irsi) . 


sup Ilu„(t)||i 2 (f 2 ) + 

tG[0,To] 


Cn, 


\Unix,t) - Un{y,t)\P 


and 


rTo 


duji , . 

~dr^’ 


dt + sup 

L2(n) t6[0,To] 


ICn, 


/R" Jr^ ~ y\^+^P 

f \Unix,t) - Uniy,t)\P 


dxdydt < C 

(4.20) 


,p,s 


Ir^ Jr^ I* ~ y|^+sp 


dxdy < C. 
(4.21) 

Since dv^{un{t)) = {—A)pUn{t) (see Proposition 13.51) . then using (14.201) and the 
fact that (see the proof of Proposition [23]) 

/, \ *^N,p,s f f \Unix,t)-Un{y,t)\P 


we infer 


pTo 




(4.22) 


Application of Lemma 13.61 also yields 

^ \\dvHur,{t))\\\^,^^^dt<C i}{un{t))dt 

<J^{a) [ " (4>(u„(f)) + 1)^-" dt < a 
do 

Therefore, since L'^ (fl) ^ F*, it follows from (14.181) that 

dun 


rTo 


dt 


it) 


dt < C. 


(4.23) 


(4.24) 


V* 

r-2 


Estimate (|4.13|) with u = Un, v = Vn = |u„| p Un, uq = uo.n and f = fn gives the 
uniform estimate 


Jr^ Jr^ 


\Vnix,t) - Vn{y,t)\P 
\x - y\^+sp 


dxdydt < C. 


(4.25) 


Since 2(p + r — 2)/r < r, it follows from (14.191) that the sequence v„ is bounded in 
L°°((0, To); L^(H)). We also notice the solution ii„ satisfies the estimates (14.41) and 
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gSl) with a constant C > 0 independent of n. These uniform estimates allow us 
to pass to the limit, after a subsequence if necessary, such that as n —>■ oo. 


Un ^ u 

Un ^ U 
1 1 
tPUn —>■ tPU 




V„ 

Vn 


dUn _ V du 

dt dt 




i9v$(u„(-)) 5(-) 

dv'il’{un{-)) h{-) 


weakly star in L°°(( 0 ,Tq); L’'(n)), 
weakly in ^^((0, Tq)\V), 
weakly start in L°“((0, Tq); W(^’^(n)), 
weakly star in L°°(( 0 , Tq); L^(n)), 
weakly in ^^(( 0 , Tq); ITp’^(O)), 
weakly in L'?'(( 0 , Tq); F*), 
weakly in L'^{{Q,TQ)]L‘^{n)), 
weakly in Lp'{{0,To);W-^’P'(Q)), 
weakly in {{O.Tq); L'^'(n)). 


(4.26) 


The first two of (|4.26|) follow from (14.191) and (14.201) . The third and seventh con¬ 
vergence properties of (14.2611 follow from (I4.21L The fourth and fifth convergence 
properties are derived from the fact that is bounded in L°°((0, Tq); L^(f2)) and 
from (I4.24|l . The sixth convergence is an immediate consequence of (I4.23|l . while 
the convergence dv^{un{-)) —>■ 5 is a consequence of (14.221) . Finally, the last of 
(14.261) follows from the sixth of (14.261) and dv^(un{-)) g- Thus, we have shown 

u G C„([0,ro];L’'(fl)) n C((0,ro];L2(n)). 

We can now pass to strong convergence properties for the sequence Since the 
embeddings V ^ and L’’(f2) ^ V* are compact, it follows that 


Un->■ u strongly in LP{{0,To); L'^{n)) n C{[0,To];V* 


(4.27) 


which together with (14.261) implies that v = u. Moreover, it follows from 

(14.231) and (14.271) that u{t) —>■ uq strongly in V* as t —>■ 0+. 

It remains to show that dvi^iuit)) = h{t) and g{t) = dv^{u{t)) for a.e. t G 
(0,To). Indeed, if r < < 7 , as in the proof of Lemma lT 6 l we have using (13.1211 that 

/ \\unit) - (4.28) 


<C 



- u){x,t) - (m„ - u){y,t)\P 
\x - yl^+^P 


dxdydt 




{l-a)qv n, 

L'-(n) 


with a > 0 given by (13.111) and v = It follows from (14.191) and (I4.27P that 

Un^u Strongly in Tq); T’'(fl)). 

and, from (I4.20|) and (14.281) . that 

Un ^ u strongly in L'^((0, To); L'^(n)). (4.29) 


We notice that dv'4’{u) = 3ig(o)^L9(u) if u G F, where : T‘^(n) —>■ [0, 00 ) is 
defined by 

■!/’L 9 (u) := - [ \u\‘^dx, for all u G T^(r2). 

g Jn 
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Since the subdifferential i9L<z(n)'i/'L« is demi-closed in L^(f2) x L'^ (fl), we can apply 
m Proposition 1.1] to infer that h{t) = dv4’{u{t)), a.e. t G (0,To). If g < r, then 
(I4.29|l follows from (|4.19|) and (|4.27|) . Hence, we have shown the first claim that 
h(t) = dvy^(u(t)) for a.e. t G (0,To). In order to show that g(t) = 9y$(u(t)), a.e. 
t G (OjTq), we use (14.271) to take a set / C (OjTq) such that Mn(r) — >■ u{t) strongly 
on L'J(H) for all r G / and |(0, Tq) \ /| = 0. Hence, for all t G I, 


cTo 


r-To 

{dv^{Un{t)),Un{t))v*,vdt = / {fn{t),U„{t))v* ,vdt 


rTo 


+ 


(dvi’{Unit)),Un{t))v* ,vdt 




Since by (14.261) . u G 1H^’^((t, Tq); L^(r2)), then letting n —>• oo in the preceding 
equality, we deduce 


limsup / {dv^{un{t)),Un{t))v*,vdt< {f{t),u{t))v*.vdt 

n—^cc Jr Jr 


rTo 


+ 


(dyipinit)), u{t))v*,vdt 


~ 9 ll^(^o)|lL2(n) + 


rTo 


{g{t),u{t))v*ydt. 


It follows from (14.261) that g{t) = dv^{u{t)), a.e. t G (t, Tq). Since r was arbitrary 
and 1(0, To) \ /| = 0, we have that g(t) = 9v$(u(t)), a.e. t G (0,To). 

It remains to show that u(0) = uq in the sense of L^{Vl). Estimate (14.131) with 
u = Un, V = Vn, uo = itQ.n and f = fn allows us to pass to the limit as n —>■ oo, to 
get 


4>{u{t)) < (j){uo) +t 


H^) 




Ca-r 


ll/(r)|| 


L'-(n) 


dr. 


for all t G [0,To]. Arguing exactly as in (I4.14I) - (I4.16I) we easily find that u(t) —>■ ug 
strongly in as t —>■ 0+ and u G C([0, Tq]; T^(H)). We have shown that u 

is a strong solution to problem (13.81) on (0,To) and hence, a strong solution to 
the initial-boundary value problem m on (0,To). The proof of the theorem is 
complete. 


4.2. Proof of Theorem l2.5l In this subsection we prove Theorem l2.5l We adapt a 
technique exploited by m to derive blow-up type results for the parabolic equation 
associated with the classical p-Laplace operator. We divide the proof into two parts. 
Step 1 (Positive potential energies). We first establish that there is a constant 
(3 > a such that 


l^(^) Wo>p(n) ^ P 

(4.30) 

||w(f)|lL,(n) > 

(4.31) 


and 
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for alH > 0 (and for as long as the strong solution exists). First, we notice that by 
definition (j2.8l) and the embedding (12.3p . it holds 

E{t) > - ^Glll»(‘)lli;.,p) (4^32) 

1 .p C2 def , 

= -X^ - = h{x), 

p q 

where we have set x := | ||m (t)|| • Clearly, the continuous function h is 

increasing on (0,a) and decreasing on (a,oo) while h(x) —>■ —oo as i —>■ oo and 
h (a) = Eq. Then, since E (0) < Eq it immediately follows that one has a constant 
P > a such that h{j3) = E {Q). On the other hand, setting xq = |||mo||Ivi/“.!>(q) 

then h{xo) < E (0) = h{j3) and io > /3 on the account of (14.32^ . In order to 

show (14.3011 . we proceed to prove it by contradiction. To this end, let us assume 
that |||m (^o)||lw'’'4’(n) ^ some to G (0,To) on which the strong solution exists. 

By the continuity of this norm we can choose to > 0 such that |||m (io)|| lw®’P(n) ^ 

a. By (I4.32L we find that E (to) > h ^|||u > h{(3) = E (0) which 

contradicts the fact that E {t) < E{0), for all t G (0,To), on which the strong 
solution exists, with the latter following easily by (12.101) . Hence, we have proved 
(14.301) . To prove (14.311) . it remains to exploit (12.101) once again together with the 
definition of E (t) and (|4.30p in order to see that 

- h > - 1 II. (t)ii - if (0) > - M/3) = ^ 

from which (14.311) follows. Next, defining El (t) := Eo — E {t), we have from [THl 
Lemma 4] that 

0<H{0)<Hit)<-^\\umUn)^ (4-33) 

provided that E (0) < Eo and | ||.oll lw“’3’(n) ^ strong solution 

exists. 

Step 2 (Blow-up in L'^-norm). As in [18] (and references therein), setting G {t) := 
i ll« Wlli 2 (Q), we have 

G {t) = j^u it) dtu{t)dx = |.(t)rdx- |||M(t)|||^^,,p^j=^^ 

= {l-p) f \u(t)\'^ dx - pH (t) - pEo, 

Jn 

owing to the definition of H. By Step 1, (I4.30l) - (|4.3ip . it is easy to check that 

PE« = - MM 11“ . (4^34) 

for as long as the strong solution exists. Setting d = (1 — a*//3®) {q — p) > 0, it 
follows that 

G (t) > d||M(t)||’,(n) +pH (t) > 0. (4.35) 

On the other hand, by Holder’s inequality we observe that 

q_ 

Gi (t) < L,,n Ik (i)llM(o), M.n := Q) ' ■ (4.36) 
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Thus, combining (14.3511 - (I4.36p . we get G (t) > {djLq^a) (t) and one can di¬ 
rectly integrate this inequality over (0, t), t > 0. It follows that 

which shows that G (t) blows-up in finite time with a time t < t^,, given by (12.111) . 
The proof is finished. 


5. Appendix 

We now prove Proposition 13.51 Lemma 13.91 Lemma 13.101 and Proposition 12.41 

Proof of Proposition [3751 Let f G V* and u G V = IPg’^(n) (~lL’'(n). We claim 
that / = if and only if for every v G V, 


{f,v)v*,v 

_ ^N,p,s f 


(5.1) 


\u{x) - m( 2 /)| 


p_ 2 ^x) - u{y)){v{x) - v{y)) 


It - 


dxdy. 


Indeed, let f G V* and u gV = IPQ’^(n) l~lL’'(n) be such that (j5.1|) holds for every 
V G V. Then (15.111 holds with v replaced hy v — u. Using the following well-known 
inequality 

\h\p |„|p 

-> |a|^“^a(6 — a), for any a, 6 G M, 

we get that for every v gV, 

<i>(z;) — $(u) 


Cn,i 


> 


JrN Jg_N 
Cn,p,s f 


dxdy 


|T(a;) - v{y)\P - \u{x) - u){y)\P 
\x - y\^+^P 


= (/,«- u)v*,v- 


Hence, / = dv^{u). Conversely, let u G U and set / := 9y$(u) G V*. Then by 
definition, for every v G V, we have that 


<i>(u) — <i>(M) > (/,T — u)v*.v- 

Let t G [0,1], w G U and set v = tw + {1 — t)u in (15.21) . Then 
t{f,w- u)v*,v 


< 


Gn,p, 


p,s 


\{tw -b (1 - t)u){x) - {tw + (1 - t)u){y)\P - \u{x) - u{y)\P 


2p 7 rjv 7rjv It - y\^+^P 

Using the Dominated Convergence Theorem, we get from (15.3p that 

-b (1 — t)u) — <l>(u) 


(/, w — u)v*,v < 1™ ■ 


Cna 


|m(t) - u{y)\ 


p _2 {u{x) - u{y)){{w - m)(t) -{w- u){y)) 


\x - y\^+^P 


(5.2) 

(5.3) 
dxdy. 

(5.4) 
dxdy. 
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Replacing w by m + w in (El, we get that for every w € V, 
if, w)v*,v 


(5.5) 


<- 


_ „( - ...fa)) 

\x-y\^+^P 


Since (I5.5p holds with w replaced by —w, it follows that 

Cn,p,s f 


{f,w)v*,v = 




and we have shown El- The proof of the claim is finished. □ 

Proof of Lemma 13.91 We prove the inequality by elementary analysis. Let the 
function g : R x K —>■ R be given by 

g{z,t) = \z- {z - t) z - |tr"^ t) 

where we recall that 

/ \ ^ 

Cr,p = (r - 1) 


r,p 


z\ z —\t\ p t , (5.6) 


+ p — 2^ 

Using the definition of 8, we first notice that (13.281) is equivalent to showing that 

V (5.7) 

Second, we mention that it is easy to verify that 

9{z,t) = 9{t,z), 9 {z, 0 )> 0 , 9 { 0 ,t )>0 and g{z,t) = g{-z,-t). 

Therefore, without any restriction, we may assume that z > t and hence, we have 
that 


g{z,t) = {z-t)P ^ 


-a 


r,p 


z — \t\ P t 


A simple calculation shows that 


P 


z — \t\ p t 


i: 


r —2 

ItI p dr. 


(5.8) 


r +p — 2 1 

Since the function ip : R —>• R given by (p(r) = |t|p (p > 1) is convex, then using 
the well-known Jensen inequality, it follows from (15.811 that 

p 


Cr 


\z\ p z — \t\ p t = (r — 1) 


P 


r -\-p — 2 . 


= (r- 1) 


r 


|z| z-\t\p t 

p 


|r| p dr 


I r -2 dr 
r\ p 


\r-2 


= ir-l)iz-tr 
<{r-l){z-tr 
= {r-l){z-tr-^ 

= iz-tr-^(^\zr^z-\trh). 

We have shown El and this completes the proof of lemma. 


z — t 
dr 
z — t 

r-2 dr 


□ 
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Proof of Lemma I3.10L Let u G D{dv^) = V and > 0. It follows from Propo¬ 
sition [321 that gV = D{dv^)- Therefore, 




u — Jf.u 

M 

A* 


eh-, 


for all u G V. 


Next, let w G D{dv^)r\D{dH(l>) = P be such that dH4>{w) G V. Since dnfpiw) = 
\w\'^~^w G Il-o’^(n), it follows from Lemma [3.91 that there exists a constant /3 = 
I3{r,p, s) > 0 such that 


< 


PCn,p,s 

2 

C'N,p,s 


[ [ 

r—2 r—2 

|w(a;)| p w(x) — |u'(i/)| p w(y) 

Jr^ Jr^ 

\x - y\^+^P 


-dxdy 


(5.9) 


= [ (—A)pU>|u>|’' ^wdx= [ (—A)pr(;|w|’' "^wdx = {dv^{w),dH4>{w))v* v■ 

Jn Jr^ 


Now, let := \J^u\ p Jf^u. Note that = 0 on \ fl and using that 
dn^Jf^u) = (u) G V, we get that 



Since J^u G D{dv^) = V and dH(l>{J^u) = dH4>p{u) G V, (j5.9l) allows us to deduce 
that Vfi G W-Q’^(r2). We have shown the first claim (I3.29|) . 

Finally, assume that u S D{dv^‘^) = 14- Then by Propositions 13.21 and 13.41 
there holds J^u G V^. Hence, for all u G D{dv^'^) = and g G dv^^{u), we have 
the estimate 


{g, dHMu))v*,v >A-i (d>4«) - («))) 

=A-i [$(u) - {u)) 

>X-^{dvHJtiu)),u-Jt{u))v*,v 
=X~^{dv^{Jt {u)),dH(j>x{u))v*,v■ 


(5.10) 


Combining (|5.9I) together with (I5.10|l . we easily obtain (13.2911 . This finishes the 
proof of lemma. □ 


Proof of Proposition 12.41 As in Step 4 of the proof of Theorem 12.31 we can 
pick a sufficiently smooth sequence of initial data uo,n G D{^) fl V such that 
uo,n uq strongly in P = H-q’^(H) ("1 L'^{Xl) as n —>• oo. Then we consider again 
the approximate problem (|4.18|) on (0, To) (of course, now /„ = 0) which we test it 
again with dtUn G ((0,To);T^ (^))- We note that every smooth solution of the 
approximate problem (14.181) does possess such regularity. We obtain 

(t) + \\dtUn ( 411 ^ 2 ( 0 ) = 0 , 


( 5 . 11 ) 
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for all t G (0,To), and where we have set 

(i) := - 1 /■ |„. (X,i) rdx. 

2p JrJv jRiv |x - q 

Integrating (15.111) over the interval (0, t) allows us to deduce 


En (t) < En ( 0 ) 

for all t G (0, To). We can now easily conclude the proof of Proposition l2.4l exploiting 
the foregoing inequality. Indeed, recalling that r > with q > p, we see that 

Un (t) —>■ u{t) strongly in T'^ (fl), a.e. for t G (0,To), owing to (14.291) . Passing to 
the limit as n —>■ oo, we first have (0) —>■ E (0) and then also 


/ \un{x,t)\'^dx ^ / |u(x,t) a.e. for t G (0,To). 
Jn Jn 


This basic fact together with the weak lower-semicontinuity of the lPQ’^(n)-norm 
entails that E (t) < liminf„_>oo En (t) and this concludes the proof of (12.101) . □ 
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